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Abstract: By considering that N = 2 during the supersymmetrization process and by
imposing the N = 1 condition only at the end, D = 4, N = 1 pure anti-de Sitter supergravity is
revisited in an heterodox way that can be used to derive D = 4 pure de Sitter supergravity without
having to introduce any other field than those of the graviton and the gravitino.

“One should not desist from pursuing to the end the path of the relativistic field theory.”
A. Einstein

“A great deal of my work is just playing with equations and seeing what they give.”
P. Dirac
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1 Introduction

Supergravity is a wonderful achievement at the crossroads between the works of A. Einstein and
P. Dirac [1-4]. Noteworthily, almost since its discovery forty-five years ago, D = 4, N = 1 super-
gravity is known to be anti-de Sitter with a negative cosmological constant when only the graviton
bosonic field e’ and the gravitino fermionic field ¢, are considered [5]. It is only recently that
D =4, N =1 pure de Sitter supergravity with a positive cosmological constant has been derived
by adding a nilpotent Goldstino fermionic field x to obtain the local supersymmetry and then by
eliminating it through supersymmetry breaking [6].

Given the no-go theorems on the subject [7,8], it is clear that hoping to derive D = 4
pure de Sitter supergravity in a different way than [6] requires an heterodox approach. This paper
presents such an approach that consists in doubling the usual number of Majorana spinors for both
the gravitino field and the supersymmetry parameter, which allows to construct spinor-ansatzes
that cancel the usual quartic fermion terms appearing in the supersymmetrization process.

For motivation to derive pure de Sitter supergravity, the reader is refered to the Introduction
of [6].
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2 A reminder on spinors, Lorentz transformations, local Lorentz
derivative, and spinor bilinears

2.1 Spinors

This section follows Sec. 3.2 of [4]. Given any spinor x = (x)o Whose components are four anti-
commuting Grassmann variables, its Dirac conjugate y(Pira¢) = (x)® and its charge conjugate
XY = (x%)a are defined by!

X(Dirac) 10

ix"y", (1)
i °CTx* (2)

XC

where C is the charge conjugation matrix having the following properties?

ct=c™1,c" = -C = CC*=C*C = -1,
(C'Y*)T _C'Y* .
(Cy™MT = Ccy™,
(Cym™)T = Cymn,
(Cym )T = —Cymr,
(Cymmra) = —Cymnrs. (3)

From the definitions (1),(2) and the properties (3), one can verify that

——(Dirac)
XC

i =x"c, 4)
which can be used to define the Majorana conjugate of any spinor x by
X(Majorana) = XTC' (5)

In this paper, the Majorana conjugate (5) will be used and not the Dirac conjugate (1) for
it simplifies the calculations by not involving complex conjugation.

2.2 Majorana spinors

Supergravity uses Majorana spinors that are defined by the condition

xX“ =x. (6)

From (4),(5) one can see that the Dirac conjugate of a Majorana spinor is equal to its Majorana
conjugate

XC =y = X(Dirac) = X(Majorana) ) (7)
1The conventions of this paper are those of [4]: the metric signature is (—+++) ; the four y-matrices are defined by

AT 4™ = 2™ where 1 is the unit matrix = (7°)? = =1 and (7%)? = 1 with k = 1,2,3; (7"™)T =1%9™4° =

() == () =95 ym = 0™ = 10 = =% and 1k = 7* 5 7 = —r%7'® = ivomes = () =1,

*)Jr =y and 1" = =Yy 3 Y = L %(’ym'y" — 4"4™) antisymmetric with strength one, and so on for

and 4T 5 eMPT = e MM el eneled = €uupe = e_lemmsezle:}e;ef, with egro3 = +1 = —€9123,

2The four most used representations of the y-matrices are given in Appendix A.




2.3 Lorentz transformations

The Lorentz transformations of a vector V'™ and a spinor x are defined by?

V™ = A"V = 6.V = A Vi (8)
1 1.
Orx = = Aap?""x == X = AaXr” (9)
where )y, is an infinitesimal Lorentz transformation that is antisymmetric Agp = —Apg

2.4 Weyl projections

Any spinor x can be split into its left and right Weyl projections that are also spinors*
1
Prx = 5(1 +Y4)X 5 (10)
1
Prx = 5(1—%)% (11)

with obviously x = Prx + Prx.

In D = 4 it is known that a spinor x cannot be a Majorana and a Weyl spinor at the same
time®: x = x¢ = x # Prx and x # Pry.

2.5 Local Lorentz derivative

Supergravity uses the local Lorentz derivative which acts on Lorentz local frame (Latin) indices
and spinor indices but not on general coordinate (Greek) indices. The local Lorentz derivative of
a vector V™ and a spinor y are defined by®

D, V™ = 9,V" +w," V¥ = D,V = 0, Vin + W Vi, (12)
1 _ _ 1 _
Dux = Oux + Zwuaw“bx = DX = OuX — Zwuabm“b, (13)
where wymy, is the spin connection that is antisymmetric wymn = —Wumn.

2.6 Spinor bilinears

In the two previous sections, it is implied that the y-matrices and C' are numerical matrices on
which the Lorentz transformation and the Lorentz derivative do not act”:

6oy =0, D,y™ =0,

(
0y« =0, Dy =0, (15)
6.C =0, D,C=0. (

3The expression for 61, % follows directly from (5) and the properties (3): it is easy to verify that (5. x) = (6rx)TC =
5L(XTC) = (5[)2

4Needless to say that a Weyl projection satisfies (9) thanks to the property 7*7‘“’ = fy“b'y*.

5This is easy to verify from the explicit expression for a Majorana spinor in the Weyl representation of the
~v-matrices given in Appendix A.

5The expression for D, x follows directly from (5) and the properties (3): it is easy to verify that (D,x) =
(Dux)"C = Du(x" C) = Dyux.

"See Sec. 8.3 of [4]. Note that this is not always clearly stated in the literature.



The Lorentz transformation (9) together with the left part of (14),(16) allow to create spinor
bilinears that transform as tensorial entities. For instance, x¢ transform as a scalar: dp(x§) =
SLXE + XOLE = TN xy™E — TAap ™% = 0.

Using the relation 424 — M~ = 2pbm~a _ 2p@mab one can see that yy™€ transform as a vector:

SL(XY™E) = dLxy™E + XY™OLE = I vPyE — Iy ?E = Ihapx (7™ — 4yt =
XX (M — pImAPYE = TN AE — INTXAPE = — AL (RE).

mnrs

Similarly, one can verify that the spinor bilinears Xy x, x7""" x and Y~y X transform as tensors.

3 Spinor-ansatzes

Starting from two Majorana spinors ¢! = (»1)¢ and 92 = (¢?)¢, let’s construct the spinor-ansatz

U’ and its Majorana conjugate W’ based on their Weyl projections®
1 - 1 _
Ul= —pyt |, Ul = (@HTo = —=Ppyt,
7 LY (¢°) 7 LY
1 - 1 _
U2 = —pPry? |, 02 = (0210 = —Pri?,
7 RY (¥7) 7 RY
1 - 1 _
U= (0 = Pyt U= (V)0 = —Prot,
() 7 RY (¥°) 7 RY
1 - 1 _
ot = (0 = —py? | U= (Y0 = —Pri?. (17)

V2 V2

From two spinor-ansatzes €°, ¥* let’s also define the following spinor-ansatz bilinear which
is real by construction®

M (g NWI) | (18)

where N is any matrix obtained from products of v and iy, and where M is a 4x4 block diagonal

numerical matrix
M 0
M= ()

in which M is a 2x2 numerical matrix whose components are real numbers.

4 The derivation framework

The derivation framework used to revisit D = 4 pure (anti-)de Sitter supergravity makes use of
three 4x4 block diagonal numerical matrices S1, Sa, M1 whose components are real numbers and
four conventional real constants ki, ko, k3, k4 to be specified in the next section. In this section it
is only supposed that the two 4x4 matrices S are symmetric: S = S7.

The action considered is similar to the one of D = 4, N = 2 pure anti-de Sitter supergrav-
ity'? for the terms based only on the graviton real bosonic field e, the cosmological real constant
A, and the gravitino complex fermionic field ¥?, = (\I/L)a

8The consistency of this construction is proven in Appendix B.1.
9This is proven in Appendix C.
19See Sec. 2.8 of [3].



The action is the sum of the Einstein-Hilbert term, the cosmological constant term, the
Rarita-Schwinger term, and one gauged term:

S = Sgu + Sa + Srs + San (19)

where!!
SEH = kl/dm‘lee%e,’;me", (20)
Sy = i2k:1/dm4eA, (21)
Srs = —k» / da' e SY (VA" D, W), (22)
Sen = +2kaks VA / dat e S (Vi wi), (23)

with

R,™ = 0w, — 0w, +w," rw," —w, " w, ", (24)
Dl = WL+ (™ W, = Dyl = 9, — L Tiy™ (25)

With the conventions given in footnote 1, the plus (resp. minus) sign of the cosmological constant
term (21) corresponds to pure anti-de Sitter (resp. de Sitter) supergravity.

Using the so-called 1.5 order formalism, the goal is to show that the action (19)-(23) is
invariant 65 = 0 under the following local supersymmetry transformations!? involving the spinor-
ansatz €' = (¢'), as supersymmetry parameter'3:

dey = kySY (€)= del, = —ksSY (6'4"W],) => de = kge ST (1479)),  (26)
§Wi, = Dy + kyVAMG y,e" = 60!, = D,&' — kyVAM{' ", . (27)

As stated in [2] the 1.5 order formalism is nothing else than the Palatini trick of general
relativity extended to supergravity. The spin connection w,”" is treated as an independent field
and one imposes that the variation of the action (19)-(23) with respect to it vanishes:

0wS = 0,5EH + 0,SRs = 0, (28)
where!4
5wSEH = kl /d.ﬁlf4 6w/pafmm"s &u'umne?; Dpefc ) (29)
5.9 _ ko d 4 _uvpo YR Sij Ul ~Spd
wPRS — _Z T€ Emnrs OWy € O ( p7 O') ) (30)
1 As usual in supergravity: e = det eff } €uvpe =€ emnrseTeﬁe;ej, eMPT = e el ek efel with eg1a3 = +1 =
—e%123 and MP emnrsepey = —2e (elmen — ehen) s Y =4 el enel = —e LM Py Ny with Yo = T Y.

"?The expression for 6, follows directly from (6) and the properties (3): it is easy to verify that (§U%) =
(6Wi)TC = §(Wi, C) = 61,

13The consistency of the local supersymmetry transformation (27) is proven in Appendix B.2.

14See Appendix D for the detailed calculations.



which leads to the equation

s k ? S\yd
Dipes) = 11 2 STNTLA ). (31)

This equation for w,™" can be solved to find
w " = w, " (e) + K, (P, (32)

where w,""(e) is the torsionless spin connection

1 1 1
w,™(e) = §emp(8“e;‘ — Opey) — 56”’)((9#6;” — Opey’) — iempem(apez; — Op€p)erp s (33)

and K" (V) is the so-called contortion tensor given by

ko

K, (W) = o

L STN(WE AW — WA I ey I (34)

Following the spirit of the 1.5 order formalism, the result (31) shall be taken into account in the
next variations. It is proven in Appendix D that the next variations give

a

kik - — -
5eSEH = _123/d1‘4 e'uupaﬁmm‘sRuvmnez Sij (éZ 'YS\I/f;) .
b

0eSA = i2]€1k3A/dm4eSij(si fy”\I/i) .

0cSrs = —ikaks / da' e P S (€, W],) S (V577" Dy W)

0o8gp = —2ikoksksV/A / dat e ST (&' W4, ) S (Whny ™, 0.

C

k — — )
Sy Srs = +ZQ / Az P erpes Ry ™€ ST (€9 W1 ) +4kn kg VA / dz* e 8] MY (£'4 D, W)
(k2)

L [t 57 (D, 9 (80

ko)%kyvV/A oo y A o
HRSRVR [ it $JNY €., SE (W08 )
c b

Sy San = —dkokyVA / da* e 85 (4" D, W) —12ks (k4) A / do* e 8§ M} (814

- 2
_W/d:c4e“”p”5§j(5i7*‘1’ﬂ)slfl(‘i’570‘1’2)
1
(k)2 ks vV A ij (i ' J
+W/d$4euup052](El,y*,-mfym\ljfl)slfl(\ll];'ym\lllg). (35)

In order to partly fulfill the supersymmetric condition §S = 0, the terms (a),(b),(c) of (35) give!®

ko 1
ks = —/— , ky = —— 36
3 2k1 ) 2\/37 ( )
15Note that ks is independent of k1. It is usual to set k1 = ky = ﬁ = k3 = %



and!6

(M;)? = £I , Sy =S M. (37)

In order to completely fulfill the supersymmetric condition 6S = 0, it is also proven in
Appendix D that the remaining terms of (35) lead to

0 = —2(2’“;1) / dz'er (S Sy — S1° S (6w, (Uh, D, W)
i(k2)2 d 4 _pvpo Siijl Sjksil i \J \T/kD \I/l
+ 21 L€ ( 1~1 — ~1 1)(67* ,u)( vp 0)
i(k2)2 dptetveo ik qil ik Qil\ (=i ] k l
02 [astamer (sis] - {s1)(e'D, 1) (U 0h)
i(k2>2 d 4 _pvpo Szksﬂ Sjkszl =i D \I/] ‘i/k\I/l 38
T €T€ (51751 — 81 1)(5%uu)(pa)a (38)
and
_ ( Zf 4 o ik qJl gk jk gl =i k
0= " (583 — it sy — Si.S3F + SIS (W) (T, WL )
1

* (412f datero (S8 — 81585 + S185° — S1'SiF) (M7, W),) (W5, W)

k3 f/ ter (2515) — 2883 — 8187 + 81°8Y) (€1, (). w)
1

8
ilk \/> oo ik i il i 1 i K evils /i -
(82\[ wtetr (28185 — 28185 + 1S — 51" 8Y) (' W) (T WL) . (39)

Each line of the conditions (38)-(39) contains one spinor-ansatz bilinear based on é"\I/fL, éi’y*\I/fA,

\Il’;\l'ﬁ,, \Iiky*\lll that is anti-symmetric in ¢,j or k,l. It is easy to see that these spinor-ansatz

bilinears vaurush17 by construction of (17) and therefore that the conditions (38)-(39) are satisfied.

At this point, we have thus proven that the action (19)-(23) is locally supersymmetric under
the local supersymmetry transformations (26)-(27) up to the conditions (37).

5 D =4 pure anti-de Sitter supergravity

In this section the plus sign of the cosmological constant term (21) is considered. The following 4x4
matrices satisfy the conditions (37) when it is a plus sign in the first condition:

(S 0\ . (01
Sl = (0 Sl) with Sl = (1 0) s
(M 0O . (01
M1 = < 0 M1> with M1 = (1 O) s

Sy = S1My — (%2 SO) with S = (1 0) . (40)
2

6Note that I is the unit matrix.
1"Needless to say that this is due to the fact that (14 74:)(1 =) =0 for (v.)? = 1.



When imposing the NV = 1 condition
Py = Vh =y, (41)

it is easy to see from the construction (17) that \I'}L + \I/i = \I/Z + \I/ﬁ = %wu- One obtains therefore

without surprise the action for D = 4, N = 1 pure anti-de Sitter supergravity'®:

S = kl/dx4eeﬁle7”1Rw,m” +2k‘1/da:4eA— k:g/dm4e(1/_1u7””pD,,¢p)

kaVA A
+ 7 /dz:4e(¢u7 by, (42)

with
mn — mn mn m ™ m ™
R,™ = 0uw,™ = 0w, +w," rw," —w, " w,

1 - - 1 _
D,uwu = /ﬂ/}y + Zwumnvmnwu - D;ﬂ/}l/ = Qﬂby - zwumnwl/ymn7
ko

Dty = MG ba)
mn 1 mp n n 1 np m m 1 mp _no r r mn
wa" = e (Ouey — Opey) — 3¢ (Ouey' — Opey’) — 5¢" e (Opey — Ogep)ery + K, (1)

k _ _ _
K,™() = r;www — Py Y™+ ")

The N =1 condition (41) can be imposed at the begining of the supersymmetrization pro-
cess, which means that the action (42) is invariant 65 = 0 under the following local supersymmetry
transformations obtained from (26)-(27) when applying (41) with the matrices (40):

ko

56? = Tkl(?ymwu) = Jelt =

_ ke

k
op (1" Um) = be = 5k e (E174), (43)

VA - VA
0, = Dye+ —=y, 6 = 0, = D,e — —=€v, .
Yy t 5 \/§7u Yy u 23 T
It is important to realize that 5\1'2 (resp. 5\Ilﬁ) is consistent with 5\IJL (resp. 5\112) in (27)

when applying the N = 1 condition (41) with the matrices (40), which will no longer be the case
for D = 4 pure de Sitter supergravity as shown in the next section.

(44)

6 D =4 pure de Sitter supergravity

In this section the minus sign of the cosmological constant term (21) is considered. The following
4x4 matrices satisfy the conditions (37) when it is a minus sign in the first condition:

B S; 0 . (0 1
S1 = <0 Sl) with S = <1 0> ,

_ (Mi; O . (0 1
Ml = < 0 M1> with M1 = <_1 0> y

So = S1M; = <502 502) with So = <_01 (1)> : (45)

18See Sec. 2.5 of [3].



Without introducing any other field than those of the graviton and the gravitino, we have
thus proven that the action (19)-(23) with the matrices (45) is a locally supersymmetric action for
D = 4 pure de Sitter supergravity.

In this case, the N = 1 condition (41) cannot be imposed at the beginning of the supersym-
metrization process because it would lead to inconsistencies between 5\113 (resp. (Nlﬁ) and 5\I/}L (resp.
5\1’2) in (27) with the matrices (45). Without surprise, this shows once again that D = 4, N =1
pure de Sitter supergravity cannot be directly obtained from a locally supersymmetric action.

Imposing the N = 1 condition (41) to the action (19)-(23) with the matrices (45) leads
therefore to supersymmetry breaking and gives the following action for D = 4, N = 1 pure de Sitter
supergravity:

S =k /dx4 eeber R,,™ — 2k /dw4 e — ko / dzte (@uv‘“’leﬂbp) , (46)
with
Ruymn = Mwymn - &jwumn + wumr W™ — w, ™, wurn 7
1 mn n 7 1 7 mn
D,uwu = 8M1/}V + Zwumn’)/ Yy, = D;ﬂ/}l/ = 8uwl/ - zw,umnwu’y )
s ko TS
Dipeq) = 471{;1)\(1/1;)7 Vo),

1 1 1
G = LDy — Bpe) — 3D — Dpel) — By — Dohlen + KW,
)

Ku"™(0) = G AGa™" = 5™y + 970",

It is worth noting that the action (46) has no mass term because (23) vanishes when imposing
the N = 1 condition (41) with the matrices (45), which differs from the action also obtained by
supersymmetry breaking in Section 4.3 of [6].

7 Discussion

7.1 Superalgebras

The heterodox approach used in this paper to derive D = 4 pure de Sitter supergravity considers
that N = 2 during the supersymmetrization process. It is known that there exist de Sitter super-
algebras for even N but they do not allow unitary representations!?. Therefore, superalgebras do
not play an important role in pure de Sitter supergravity.

7.2 Killing spinors

The Killing spinor analysis is similar to the one given in Sec. 2.2.3 of [9]. When \I/L = 0 the bosonic
field equations derived from the action (19)-(23) are

1
en Ry — QeZIR Fe,A=0 (47)

19See footnote 1 of [6] and [7,8].



whose homogeneous solution is (anti-)de Sitter space with the curvature tensor
R, = F(e)e) —e)'ey). (48)

The conditions ¥/, = 0 = §¥!, = 0 lead from (27) to the Killing spinor equation

VA .
D,ée' _De—I——M” el =0, 49
M, (49

whose integrability condition is?®

~ o~ 1
[D,uszz]Ez = (*RuumnWmni

A .
; Cw)el = 0. (50)

6
Substituing (48) into (50), one can see that the integrability condition is obeyed and therefore that
Killing spinors do exist even in the de Sitter case, which differs from Section 4.2 of [6].

7.3 No extended pure de Sitter supergravities

It is known that the actions for extended supergravities contain at least one term that is based on
the spinor bilinear?! \lefy[“fypafy”] U, that would vanish from its anti-symmetry in 4, j by construction
of (17). Extended purely pure de Sitter supergravities are therefore not allowed. This should not
be considered a problem because it is known that the other forces of physics are treated differently.

8 Conclusion

It is possible to derive D = 4 pure de Sitter supergravity from a locally supersymmetric action
without having to introduce any other field than those of the graviton and the gravitino. The
price to pay is to double the usual number of Majorana spinors for both the gravitino field and the
supersymmetry parameter, which allows to construct spinor-ansatzes that cancel the usual quartic
fermion terms appearing in the supersymmetrization process. The action for D = 4, N = 1 pure
de Sitter supergravity can be obtained through supersymmetry breaking and it is worth noting
that it has no mass term. One direct consequence of this heterodox approach is that extended pure
de Sitter supergravities are not allowed.

Appendix

A Representations of the v-matrices

The four most used representations of the ~-matrices are given in this Appendix, starting with
the Majorana real representation. The corresponding expression for a Majorana spinor Xz =
z”yOCTx*M = X,, is given, based on 4 real anti-commuting Grassmann variables «, 3,7, d

It is known that two sets of y-matrices are related by

Y™ = Uy

20This result is calculated in Appendix E.2.
21See for instance Sec. 2.8 of [3].
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Ve =

C' =

!/

X

U*cut,
Ux,

where U is a unitary matrix: Uf = U~!. The expression for the matrix U allowing to obtain the
considered representation of the y-matrices from the Majorana real one is also given.

Majorana real representation

0O 0 0 -1 1 0
o [0 0 1 0 o -1
1o -1 0 o]'7 T 1o o
1 0 0 O 0 0
0O 2 0 O
(=i 00 o
=10 00 —
0O 0 ¢ O
Another real representation
0 0 1 0 1 0
o o o o1 , o1
121 0 ool T o oo
0O -1 0 0 0 0
0O 0 0 — 0 0
0O 0 2 O 0 0
»=lo —io o] 9= o
1 0 0 O 0 —z
Weyl representation
0 0O 1 0 0 0 O
o [0 o o1 , [oo01
i 10 o0oo0f"" Tlo1o
0 -1 0 O 1 0 0
1 0 O 0 0 — 0 O
01 O 0 C = 1 0 0 O
00 -1 o1 o 0 0 —¢
00 0 -1 0O 0 ¢ O
Dirac representation
: 0 O 0 0 0
o_[0i 0 o p_ o oo
K 00 —i 0] 0 —i
00 0 —2 i 0
0 0O -1 0 0 O
0 0 0o -1 0 O
=121 0 o0 o |9 o =
0O -1 0 0 1 0

o O O

O O = O

O O = O

0
0 2
0 y Y
—1
0
0
’C_ 0
1
0
0
0 y Y
—1
0
1
0 U=
0
7=
U=1
1
0 2 _
0 7’}/
0
—1
0
0 U
0

00 0 1 0 -1 0 0
fo 0o =10 4 [-1 0 0o o0
o =1 0 o/’ Tlo 0o 0o -1
1 0 0 0 0 0 -1 0
0 0 —i o
0 i 0 s
i 0 0 |"XMT |y
0 0 0 5
000 1 0 0 1 0
loo 10| 4 o 0 0 -1
“lo1 00’771 0 0 o0
1000 0 -1 0 0
1 0O 1 0 oy
-1 0 1 0 —a—+y
1 _ 1
Zlo -1 0 —1| XT3 -4
0 -1 0 1 —B+6
0 0 0 —i 0 0 1 0
0 0 i 0 , (0o 0 0 41
0 —i 0 o|'" 71 0 0o o
i 0 0 0 0 -1 0 0
1 i 1 —i (a+7)+i(B—0)
—i 1 i _ (B+0) —i(a—7)
i1 d 1| X TR (3 8) —i(a—n)
1 —i 1 1 (a+7v)—i(B—19)
0 0 0 1 0 0 i 0
00 -10| 4 [0 00 —i
0 -1 0 o7 T |=i o0 o0 o
1 0 0 0 0 i 0 0
0 1 — O B — iy
o fro0 =i e
V2l i o0 o0 1 Xv =5 | 5 +ia
0 i —1 0 —~y +iB



B consistency

B.1 Consistency of the construction for spinor-ansatzes (17)

Let’s prove the expression for U3 (the proof for U4 is similar and let to the reader). Since Ul =
L P = 2[<1+7*)w we have

v = (uhH)e,
_ 2\1@[(1+7*)¢1]C,
@ 25/5700*[(1 + 7)),
_ ;ﬁwOCT(wl)“r2\Z/§’VOCT(7*)*(¢1)*’
O iy + Qéﬁw%ﬁ(w ,
© 2357°€*(¢1)* 2\[%700*(1/}) :
@ 2\1/5(1/;1)0 - 2\1@%(1/11)07
_ 2\15(]1—7*)@1)0,
© 2\1@(1 o LU
_ %PRW

The step (a) uses the definition (2).
The step (b) uses the property CT(v,)* = 7.CT coming from (3) with (v,)" = ..

(
(
The step (c) uses the relation y0y* = —y*~0.
The step (d) uses the definition (2).

(

The step (e) comes from the fact that ¢! is a Majorana spinor.

Let’s also prove the expression for U1 (the proofs for W2, W3, ¥? are similar and are let to
the reader). Since ¥! = P Lt = \[(]1 + 7)1, we have

oY o,

_ 13T
= 2\/5[(1+’Y*)¢] C,
1 1
2/2 2/2

1
= 2\7@(1#) C+7( YT Cry,

= @Wh'c

WHTC+ =) (w)'C,

—~
=

1
ﬁ(ﬂ- +7*)7
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—~
o
N
|

—

T/ L(]]__F )
Vot T
_ 1 1
= 7§PLU}

The step (a) uses the definition (5).
The step (b) uses the property (v.)7C = C, coming from (3).
The step (c) uses the definition (5).

B.2 Consistency of the local supersymmetry transformation (27)

Let’s prove the expression for (Nlﬁ (the proof for 5‘1’2 is similar and let to the reader). Taking into
account (13),(27),(40),(45) we have §¥2 = D,e?+kyVAM{ y,e" = 0,6+ jwuany e £hyv/Ay,e’.
Hence

50y, = (012)°,
1
= (8#52 + Zwuaw“bsQ + k4\/K7u€1)C,

1
= B(9,e* + ZwuawabsQ + kavVAy,eh)”,

1
= B(9,e%)* + ZB(wuabfyabs2)* + B(ksVAv,eh)*,
1
4

1
= 9,[B(e?)"] + EwuabB(’yab)*B’lB(EQ)* + kyVAB(7,)*B 1 B(e")*,

* 1 a * *
0u[B(e*)*] + 1 WnabY "B(e®)* + kaV Ay, B(e")*,

1
e 8u€4 + Z(,u,wayabs4 + /-c4\/7\w€3 ,

Dye® + ko/AM 6"

= BOu(e?)* + = Bwuan(Y®)*(e%)* £ BkaVA(7,)* (),

—~
>
=

—~
o
~

The step (a) uses the definition (2) with B = iv°CT.

The step (b) uses the property?? BN*B~! = N where N is any matrix obtained from products of
™ and 7.

The step (c) uses the definition (2) with B = i°CT.
B.3 Consistency of the Lorentz transformation of the supersymmetry transfor-
mations (26)-(27)
Let’s prove that (26) transforms by (8) as a vector, that is d1(dej') = =A™ 5eﬁ
Sr(0er) = oplksSY ('™ W),
= ksS{ (6,6 W) + ks SY (€170, W,)

223ee Appendix C for further details.
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= S (€M) = XSy (61"
(b)k?’ i (=i, ab.m k3 i ( =i, m, ab,J
= ST (E M) = P AwSY (€ )
= _/\mk k‘3SiJ(€ ’}/k\pfl),

= —\" del,

The step (a) uses (27)

bm.a amAb

The step (b) uses the relation yy™ — My = 2pbm~a _ gpam~
Let’s prove that (27) transforms by (9) as a spinor, that is (5L(6\IIL) = —i)\ab'yabélllfl

SL(6W!) = 6p(Dpue’ + kaVAM " y,e"),

1 , '
= 01(0ue" + ZwuabVQbEz +kaVA e My yme”)
o1 o1 ) ) ,
= Oudre’ + *5qua67ab€1 + Zwyawab%é + kaVA o€l My yme” + k4\/KeZL ey ndre™
0 1 )
- 8“(_7)‘“7%51) 1(8u)‘ab — Ad" wuke + Abkwuka)'yabé’z + 4wuabfy b(— /\cdfyCdsl)

FhaVA (— X"l My, + ha VA el My (— 1 Aaby "),
1 a 1 1 a 1 1 .
_1W — anwaba“sw—W 4A Wy Ve’ +Z)\bkwuka')’absl

1 .
167 Wyed V" e — Xy kg VA el My e” *)\ab k4\FA e My e |

1
= _1)‘ab7 5 _*W + M ab7 wucd7 E
1 k [ 1 k 7 m \/7 7 h 1 ab f ih h
+L@ymﬁ%”—;@%m¢%”—Akm ENT e —Z&WknAM1m€
C

+A" k‘4\/> i vmsh ,

1
- —ZAM b(9,€" + 4wycd70ds’+k4\ﬁ Mihy,ehy

1
_1)\ab7 (D €'+ kyVAM. My ’Yueh)

o1 ;
= — a0,

—
)
~

—~
S
=

The step (a) uses (13).

The step (b) uses (8)-(9) and the result obtained in Appendix E.3 for the Lorentz transformation
of the spin connection w,™"

The step (c) uses the relation y°dy = yabycd 4 opacabd _gpbesad _ opadabe 4 gpbdyac anq ~,,
Y — 208 4% + 2n2 AP, The step (c) also uses the properties Wyab = —Wyba and Agy = —Apq.

The step (d) uses (13).
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C Proof that spinor-ansatz bilinears are real

Let’s consider the spinor-ansatz bilinear M%7 &' NW/ based on any two spinor-ansatzes €’, ¥* defined
by (17) and where N is any matrix obtained from products of 4™ and i-y.. For any spinor x it is easy
to show from (3),(6) that x¢ = Bx* and x© = —(x)*B~! where B = i7°CT = B~! =iC+°. From
the properties (3) and (7™)" = 4%9™40 with ()2 = —1, it can also be shown that BN*B~! = N.

Hence?3

(Mijs—iN\Ilj)* — —Mij(si)*N*(\Ifj)*,
= —MY(EYV'B'BN*B~!B(¥)*,
= MYEONW),

= M"Y (e)ONWHY + MP2(eH)ON(UHC + M (2)CN(WH)C + M*2(e2)ON (w2)¢
+M3B(e3)ON(U3HY + M3*(e3)CN (T + M3 (e4)CN(¥3)° + MM (eHON(vhH Y,
= MU&NU3 + M2SNU* + M2 N3 + M2 Nt
+M3BENT! + M3 NT? + MBSNU + M¥e2ND?
= MYe'NV/ |

since M1t = M33, M2 = M3, M?' = M*3, M?? = M* by construction.

D Detailed calculations

The calculations are cumbersome but not complicated. They require to master Levi-Civita transfor-
mations, spinor-ansatz flips, partial integration, supersymmetry transformations and spinor-ansatz
reorderings.

Levi-Civita transformations simplify the calculations because they are in most cases easier
to perform on expressions that are based on the totally antisymmetric Levi-Civita symbol e#*P? =
e Emnrsel;lezefeg = €uvpo = eilemn,«sezqegeTes with €0123 = +1 = —60123 and e = det CZL. To do S0,

pco
the following relations are needed

el = — P Yo = e = iﬁmmﬂmm’
e'y“ = éfuupa’)’*’}/upa = Y Ym = _éemm’sfqus ’
et = %EWWV*%U 1 Ymn = _%Emmwrs ’
ey"? = —ie"P7 v, = Y Ymnr = €mnrsY’
eyHP? = —ietPy, <= Vi Ymnrs = €mnrsl,

where 1 is the identity matrix in the spinor space.

Spinor-ansatz flips are performed by taking the transpose of spinor-ansatz bilinears, by
taking into account the properties (3) and by incorporating a minus sign obtained by changing

23 As in Sec. 3.2.4 of [4], the convention is used to reverse the order of anti-commuting Grassmann variables (spinor
components) in the process of complex conjugation: (af8)* = B*a® = —a*3* where o, B are two anti-commuting
Grassmann variables.
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the order of the spinor components that are anti-commuting Grassmann variables. Let’s give an
example:

(Um¥3) = (Vo ¥l)",

= (U Crm ¥,

D () () ()T CT
= =) () CT v} ],

= —[(¥) Crny ],

= (W) Crm¥],

= (W yTh).

The step (a) uses the definition (5).

The step (b) incorporates a minus sign obtained by changing the order of the spinor component
that are anti-commuting Grassmann variables

The step (c) uses the property (v.)7CT = CT, coming from (3).
The step (d) uses the property (7,)7CT = CT~,, coming from (3).
The step (e) uses the relation v,7. = —7«Vn.

The step (f) uses the definition (5).

Partial integration is the cornerstone of the least action principle. It is performed on the
local Lorentz derivative D, by taking into account that the local Lorentz derivative of a scalar is
its partial derivative and that the local Lorentz derivative acts distributively: 9,(Sg ¥iy"*¥?) =
D, (S5 Vi rWl) = 8 D, VinPW + SJV! D, yPWs + S WP D, W), Moreover, since €pmnrs,
VP9 are number824, one has D, €mnrs = 0 and D, e”??* = 0. Finally, since D,»™ = 0 and

D, v« = 0 from (14)-(15), one has D,v" = y"Dyey, and D, (77") = vy Dyey,.

Supersymmetry transformations are performed by applying (26)-(27) when needed in the
course of the calculations.

Spinor-ansatz reorderings allow the interchange of spinor-ansatzes between two spinor-
ansatz bilinears. They are performed using the fundamental Fierz rearrangement identity

_ _ 1, _ 1, _
(X1x2)(X3x4) = —Z(X3X2)(X1X4) — Z(X:w*m)(xmm)
1 3 1 _
_Z(X3'YaX2)(X1'YaX4) + Z(stwam)(xww“m)
1 _
+§(X3’YabX2)(X1’7abx4) ;

where x1, X2, X3, and x4 are any four spinors.

These five operations are respectively indicated by L, F', P, S, R placed above the equal sign
in the course of the calculations.

#4See Sec. 7.5 of [4].
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The calculations also require specific relations coming from the algebra of y-matrices that
follow from their defining relation 4™~™ 4+ y"4™ = 2n™"1. These relations are specified when

needed in the course of the calculations.

Finally, changes of indices are performed throughout the calculations on Lorentz (latin)
indices, spacetime (greek) indices and the matrix indices. These changes of indices are allowed

because the calculations are performed on expressions with contracted indices.

D.1 Derivation with respect to the spin connection w,™"

From (20) we have

0wSEH = +k1du /dx4ee%eZRw,mn,

s
€5

(@ k1 4
= —i—? 0w | dz*e(el ey —ehel )R,,™,
(b) k1 4 _uvpo mnr s
= Zéw dx” e’ 6mnrsAR €p€o >
(c) k1 4 _uvpo mn mn m kn m kny 7
= —Z&d dz”€"P? €pnrs (Opwy,™™ — Opw, ™™ + w), "k w,"" — w, " wy, )ep
k1 5 4 _uvpo mn m kny_r _s
= -5 % dx*e Emnrs(Opwy™" + w, " w,")eyeq
k
4 _pv, m kn n mk\ _r s
= -5 dz " €pprs (0 0w,™™ + w1k 0w, ™™ 4 w1 dwy, )epeo,
(@) kl v mn v s
i 2 dxtet % ermmrs Dy 0wy €p€o
P v mn k1 4 _pv mn _r s
= /d:c "7 € s 0w, D e peo + — | dx" """ epmrs Oy, e,Dyey

= +k1/da: "P? ernrs 0w, ey, D el

The step (a) uses the property R,,"" = —R,,,"™ of (24).

The step (b) uses the relation e (ele, — ehel,) = =377 emnrsehes

The step (c) uses (24).

The step (d) uses the definition of the local Lorentz derivative of the tensor?® Jw,™"

D,0w,™ = 0y 0w,™™ + w, ", Sw,fn + wu"k Sw,, ™k

From (22) we have
0wSrRs = —k2dy /d:): eS”( ~HPD \Iﬂ)

L +iko 5w/dx4e“”pUS;j(\IILV*7,,DV\I/f,),

—

a 1
@) +iksg O, /dm rrT S ' Ve (0, ), + 4wymnfym”\113)]

25Note that dw,™" is a tensor despite the fact that w,™ is not.
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ik o ,
W2 [ gytemreo SwWymn ST (V77707 W9)

4

N o .
C T2 [t o, ™ S (W0 ).
®) iky dxtetvro § mnSij T, 7 iko dzt Seo. M ny ZEENTT 7
= - e Wy i (\I/py*%mn\lla) —5 x” ow, e 1 \Ilpfy*fynlllg),
o k2

1 /da:4 e"P7 € s dw, ey, Sij(\ii)’ys\llf,) .

The step (a) uses (25).
The step (b) uses the relation v, Ymn = Yomn + €mvVYn — €nvYm-

The _expressiop e“”p”Sij(\Tli,’y*’yn\I/g) vanishes in (b) because Sij(@i{y*%\ﬂg) £ Sij(\i'gfy*’yn\llﬁ)) =
ST (WL~.v, 7)) is symmetric in po, which clashes with the total antisymmetry of e#/?7.

D.2 Derivation with respect to the graviton e

From (20) we have
6eSen = +k10e / drteel e’ R,,™
k1 4 W v wov mn
= +3 de [ dz"e(eh ey —eber )Ru™,

k1
4 _uvpo mn _r _s
-7 Oe [ dz™e"P?€pprs Ry €l s

k1 k
4 1 4
= -7 A" e ey Ry ™" dep el — T Az "™ ey Ry ™" e, e
(C) k’l 4
=3 A" e epnrs Ry " €], des
S k1ks 4 _pvpo mn_r Qi (=t ~S\yJ
= - dz” P epprs Ry e, Sy (e ~y°wl).

The step (a) uses the properties R, = —R,,,”"" and R,,™" = —R,," of (24).

The step (b) uses the relation e (elel, — ehel,) = — 5P €mnrsehes.

Note that the step (c) can also be expressed in the usual form —3 [ dz* e (e} R,,™ — %ef}R) dey!
of general relativity by using the relation e*?% €y, s€5 = —e(eﬁze?’fbef — eﬁeﬁnef + el e;’neﬁ —ellevel,

n
+ ehelen, — emeren).

The step (b) uses the relation del, = —ehe del.

From (21) we have
0eSa = £2k1 6, / dite
= j:2k:1/da:4 de,

s i2k1k3/dx4eSij(éi v”ﬁli).
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From (22) we have
JeSRS = —k2 6 /dx eS”( ~HP D \I’])
+iko de /dm e’“’p"S” X WY Dy v,
= +iko 0 /daj e‘“’p"S” i 1Y YmDp VYl Tyem,

= —'Lkg/d:l) GuupUSZJ(\I/Z’Y*’YmD 1113)6

llwn

—ikoks / date" 87 (€', W) S (Whny™ D, W) .

The step (a) uses the reorderings of spinors e***? Sij S (&l "ym\Ilj )(\Ilkfy* "D, vl) =

07 S S (20D, L) (W, W5 ) 00 S S11 (&1, D, UL ) (Wh )~ o SIS (€12, D, 00 (W)
— L7 I S8 (€5, D, W) ()

From (23) we have

8.9gn = +2koksVA 6, / dat e SY (ViAW)

[l

+ikoka VA 8, / dat e S (W 7. y,0 W)

= +i/€2k4\FA(5@/dx46“”p".5’éj(Wiy*vmn\lli)e;”eg,

— +ik2k4\/K/da: E“VPUS”(\IJZ Ve Ymn ,;)5ezneg+ik2k4\/K/de’ e“"p”S”(\Il’ Vs Ymn V7, )6?56?,
= +2ikoksVA / dat "7 S (W v Yo U e G

—ikpksks VA / daeP? S (€™ W) SEL (T Ky, TL)

g —2ik2k3k4\/x/da:4e“”p"Sij(EiymWi)Sél(@ﬁv*vmvag)

+2ikoksks VA / dzt P 8 (& S (Uh 1),

@ —2ik:2k:3k4\/K/d:c 6‘“’””8’;](éﬁfym\lii)slgl(\i!ﬁ’y*vm%\l'g).

~

The step (a) uses the relation ¥, = YmYp — €mp-

D.3 Derivation with respect to the gravitino \PL

From (22) we have

dwSrs = —k25q;/dx eS”( VPD, W),

+iks by / dx*etP? S (Wi .y, D, W)
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= +il<:2/dx G‘LWPUS”((S\I/l Y« Yo Dp \Il] +zk:2/dx e’“’p"S’” N WDy 5‘11])

2 ik, / e S (8! 747, Dy WL) — ik / date"?? S (D, U ~,,607)
+iky / daeP? SY (V! . Dyy,00L)

Fla) —|—2ik2/d “"”US”(é\I’H’y*’y,,D o) —Zk:Q/da: e“”pUS” ow! 1V V'yp\IlJ)

5 42k, / dzt e S (D& — kavVAM" ey, ]y, D, ¥Y)
—iko / d:n%“”"”Sij([D#éi - k4\/KMih€h7u]7*D,,7p\Ilg) ,

O ok, / dateP? 8 (D€, D,y Ul) + 2ikoky VA / da*eP? §IM MV (&7, D, W)
—ikg/d:v4e“”pUS:ilj(Dusify*Dl,'yp\Ilg) —ik2k4\/K/dx4e“”p‘75{hM{”(ei'y*'yuDV'yp\Il(j,),

I

—2iky / dateP S (&', Dy, D, W) +2iky / dateP S (&', D, D, W)

—|—2zk2k:4\/>/dx e””f"’sjh (s Y Yu Yo Dp W )—l—ik:g/dm4e“”p°'.5'ij(éi'y*D#Dyvp\IJf,)

a

+iky / da*eP7 8 (87, Dy, D, WL ) —ikoky VA / dat P §IM M (€, Dy, W) |

= +Z2/d:n4e“”p”Ru,,m"e; SY (Ve Ymnr UL) —z'k‘g/dm4e"”p”S;J(s"y*Dﬂfy,,Dp\I/ﬁ,)
+2ikoks VA / da* P S MY (€07,7,, D,y U1)) + 2ikokg VA / date P S ME R T, D, W)
—ik‘gk:4\/K/daz46‘”'p”S{hM{Li(éiv*’yuD,,'yp\Ilg),

ko

+Z /d$4 e“l’pgemnrstm”e; Sij(éi WS\IJZ‘,) — ik‘g/dx4e“”p”Sij(éi’y*DM'y,,Dp‘lff,)

Il

+4koksVA / da* e 83" M (&4 D, W) — ikokyV/A / da* P §I" M (&7, Dy, W) |

—
(‘h
~

k g
= +42/daz‘*ewl’%mmsRuum"e;Sij( =i S\Ifj)+4k2k4\f/dx eS]hM (_l wp \I/J)

; 2 L . _
R [t e 50 (6D, ) ST (W0
1
i(k2)2k4\/K vpo qih i j T k~m
T dat 7 8" M (€ vy ym V1) ST (Uhy™ WL ) .

The step (a) justifies the presupposed symmetries S7 = Sy.
The step (b) uses the relations v, 7. = —7V.v, and 7,77, = —7.7,7%.

The step (c) uses the results?® [D,,, Dy]\IJ; = iRW’””fymn\IJﬁ) and {Duv‘DlI]/yp = RM,,‘m"fym enp- There-
fore one can see that i [ dzte!?7 (€'y,7, D, D, V%) + & [ date'P7 (&', Dy D,, VY ) =

26These are calculated in Appendix E.1.
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fdx ePT R, L (€ VYo Ymn ¥ fdx eMPIR,, (€ ’y*’ymlll(‘,)enp = éfdx4e“””"RWm"e;(éi'y*’ymnrllfg)
w1th the relatlon YrYmn — €mrYn + EnrYm = VYrmn-

The step (c) also uses the relation v,v, = Y + M-

The expression e*” pUS{hM{”(éW*nWDP\If%) vanishes in (c) because 7, is symmetric in pv, which
clashes with the total antisymmetry of e**77.

The step (e) uses the result IPES fTQlSij(\TJ;'ym\I/f;).
From (23) we have

SuSsn = +2koksVA Sy / da' e SF (Vi AM0)),

[l

+ikoks VA by / dat e S (W 7.y, W0 )

_ +ik2k4x/K/ dat P S5 (80}, 170pWh) + ikzka VA / date?7 S5 (W, 1m0

E o 9ikykaV/A / A7 S (50 .y, W)

5 1 2ikgks VA / dzteP? S (D, — kaVAM e 177,07 )

= +2ik2k4\/K/d$ G“VPUS;J(DME_W*%,[,\I/?,) —22’]{:2(]4:4)2/&/dm4e“”pUS%hM{”(éi*yuy**y,,pllfg),

L 2ikskyVA / dzteP? S (€7, Dy U2) — 2ikokg VA / dateP? 8 (6,7, D, 1)
—2iky(ky)?A / dateP? ST MV (Ey,7,7, W)

[l

—21k2k4\/>/dx e“V’MS”(s Ve Dpyop¥ Iy — 4k2k4\/>/dx eS”(s ’y‘”’D W)

—4ko(kg)*A / da* e S5 M (e, 4" W)

—
S
N

= —2zk2k‘4\/>/dx e"”’”S”(s Ve Dy p ¥ ) 4k2k‘4\/>/dx eS”(s YD, \Iﬂ)

—12ky(kg)?A / da* e 8§ M} (8411 |

—~
=
=~

= —2ik2k4\/K/dx4e“”p°S;j(sify**ymn\I/$)(D eye, +ey'Dyey) — 4k2k4\ﬁ/dx e 85 (4" D, W)
_12k2(k4)2A/dx4eS%hM{”(éi*y”\I’ﬂ),

= dikoksVA / A e"P7 S (&, W) D pel — dkpks VA / da’ e S5 (4" D, W)
12Ky (ka)2A / da' e S M (Ein i)

© +i(k2):’ﬁ’4ﬂ / A €77 S (£, WE) SE (5™ WL ) — Aoy VA / dat e SY (€7 D, W)

—12kg(ky)? A / da* e 83 M} (8411
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DY Aok V/A / dz* e S5 (E7M D, W) — 12ks(ky)2A / da’ e S MY (141w
B 2k14\/>/dx4€wpasg(él'7*qut)s (\I’k%qjl)
(ko) 2kaV/A o o
SHBDIN [ i 5 (@) S5 (0.

The step (a) uses the relations v,y = 37" and ’y,/yaﬁv‘“’ = —raB _graqsB 4 gvBae
The step (b) uses the definitions v,, = ymne;' e}
The step (c) uses the result Dyyery = fﬁs?(\@;wwg).
(

The step (d) uses the relation Yum = Vu¥Ym — €mpu-

D.4 Proof of (38)

) 2 . —
0eSrRs — —Z(;]:) /dm%“”‘"’S” (e vm\I’J )S’fl(\llffv*vap\I/Z),
1

(kg2 o . _
dusis — 2L [ et s} ety D0 SH (UL

7 (ko) 4_jwpo qid akly =i ) (TEyr™ D
0 = — ok dz*e?? SY ST (&' ym W) (V7.4 D, U,
1
i(kQ)Q 4 _pvpo Qij Qkl =i I (ark A magyl
T dz”e"P? S1 ST (€'Y ym Dp¥i,) (V" V)
R ik 2 B ) B ) (ke 2 .. . _ .
) —Z<2,:) / dat P §U (& D, WL ) (Thr, i) + Z(Qlj) / dat P ST S (&1, D, W) (Th W)
1 1
i(k2)2 4 _pvpo Qi gkl =i l k m
o dz*e?? ST ST (&' ym D, ) (Wpay )
1
i(k2)2 4 _pvpo qij gkl =i I\ (a ko magd
+ % dz”e"r? Sy ST (E"Vym Dp ¥, ) (Wpy ™ W)
i(kQ)Q uvpo Qi Qkl AN (ark A magyl
- 4%1 [t ST ST (€1 D, W) (L),
. 2 .
@ % /dm €07 S SK (€D, W) (Wh, W) + Z(zkk) /d:r 7 SY ST (€7, D Wy, ) (VW)
1 1
- 4k /‘k” 07 (81 8Y — S181") (E'm DT ) (Thyuny™ W)
1
4k / da'e? (S1SY — §181") (€' 7umm D, ) (U™ W),
1
o ik iy , i(ko)? iy , o
RL) . (213) /dm46m/poslljsllvl(EzD“\I]f/)(\I/k,Y*\I/]) (2k2) /d$46“V’DUSi]Sllcl(el")/*Du\I/Ilj)(\I/];\I/]U)
1 1
i(k)? 4 _yvpo | qik qil kN [ =igyd (o k !
~ ok drtetro (SikS) — §i181%) (e \Il#)(\ll Y DpV,)
1
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dztero (S S] — 8181 (e'y. i) (WED, W)

ok / datere (SESY — 889" (64 W) (WED, W),
1
c d
i(ko)? — 4 —
@ —2(251) / dz’ P73 81 (€' D, W) (Whny, 0L) +2 / dz’ P73 S (€17, D, W) (Tr W)
k) dz'e (S1FSY — S sﬂ’f)(a\yi ) (U5, D, W)
2k 1 I\
b
Z(k2)2 dptetveo SikS]l S Sjk Wi ‘i/kD \I’l
oo, | (S ) (€ 9) (¥ D, 0,)
i<k2)2 4 _pvpo [ ik il 7k Qil\ ( =i d k l
= [ daterrn(ssy - S{TSY) (W) (9D )
i(k‘g)2/

/ da*e'P? S S1F (' D, W) (Whn, W)

2k1
(k2) d 4 MVPO'SilSjk sio DI \Tjk\Ill
+2k1 L€ 1 1(5’7* 12 1/)( P 0)7
&) i(ke)? vpo [ @ik Qi ik Qily ( =iy, j
= date 7 (S S] — 5181 (e'W, ) (Uhr, D, 0)
i(k2)? 4 qwpo [ ik ol qik qil ko ol
+ o dx e'rP?(S7°Sy — Sy S)(sv*\lf (9D, W)
1
i(k2)2 4 _pvpo ( qik qil gk qily ¢ =i AT l
HEpE [ daterr(sitsy - s{t S (€D, ) (W)
i(ko)? 4 ywpo qik qil  qik qily (=i kel
4 dx"e (S1°87 — 87°87)(e V*Dullfy)(\lfpllfa).

The step (a) uses the spinor-ansatz reordering e p“Sij Skl(&t '7m\11j )(UEy ™D, W) =

9.5 §461D, 01 ) (B )~ S 81 (€D, 0L (W)~ S S4By )
— %e’“”"’Sij S’fl(éiy*ymDu\Ifly)(\If’;Wm‘lf%).

The st(ip (b) uses the spinor-ansatz flips e“”p”(@’;’y*ym\lf‘j,) = —e“”p”(illgv*vm\lf?,) and e“l’p"(\iﬂgym\llg) =
eHvPe (kMg ).

The step (c) uses the spinor-ansatz reordering e“”p"(SikS{l - SilS{k)(éiymD“ﬁli)(\PkV* myd)
(S8 — S (€ Dy L) (W) = 200 (SIS]! — SLST)(€101) (B, D, )

— 2007 (S{FSY — S{S1") (€. W1) (WD, W),

The step (d) uses the spinor-ansatz flips e“"p"(\if’;’y*\llf,) = —e“””"(\i’fo’y*\llﬁ) and e‘“’p”(\if’;\llf,) =

— P (WL Wk,

Fierz 1
_ _ 1, _ 1, _ _
(X1x2)(X3x4) = —Z(X3X2)(X1X4) — Z(XB%X2)(X1%X4)
1 B 1 _
—Z(X:wam)(xw“xé;) + 1(X3'7*'YaX2)(X1'Y*'YaX4)
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1, _ _
+§(X3'YabX2)(Xl'YabX4)

X1 = Uhyym X4 = Ym Wl

. . 1 g . _ .
" DU )€ W]) = =7 SY SKE D) (W™ )
1 .. . —

— e ST S (1. D, W) (B

1 g p
=€ ST ST (€ Dp Vo) (T3 7y Y W)

7X2:qujfj7 23:5%'7
o0 5 511

Y™ Y U,

1 T _ |
+ €77 81 81 (€ va Dp W) (W 3y ™ 1y Ym )

1 .. . —
27 SY S (0, Dy UL ) (Ut 07

=+ SY SE(E D, L) (U, 1) — 7 ST SE! (€', D, WL ) (TR W)

1 g .
7 S S D W) (W™ )

1 . A - ,

— 57 8T S (€ D L) (W),

(1) 07 SY SE (€1, W) (Bhyy™ Dy WL ) = 7 S SE (D, W) (W, W) — et 81 S (61, D, W) (W5 W)
— e S S (€ D, W) (Whryuy ™) — 307 S 8K (€7 D, W) (W)

Fierz 2a
_ _ 1 _ 1 _
1X2 3X4) = — 7 X3X2 1X4) — 7AX37TxX2 177x X4
(X1x2) (X3x4) 1 () (axa) — 7 (Xa7x2) (Xa7axa)
1, _ 1 _ _
=7 (Wrax2) (" xa) + 5 (Xa7s7ax2) (X177 x4)
1 _ _
+§(X37abX2)(X17abX4)
X1 =Tk, xa=D,W, x3=¢, x4=0},
o o o 1 o . .
7 (STSY — SYST (D W) (E10)) = — e (S1°8] — 8181")(6'D,Wy) (W) W),)
1 . ) _ )
_ZGHVPU(S;leS]l S Sjk’)(e—l,y*Dp\I,é)(\I,lli,y*,y*\I]iL)
1 : 4
—1 7 (S18] — 5181 (€70 D WG ) (Wi W)
1 uvpo [ Qik qJl jk Uk axyJ
+Z€ (81°81 S Si )(5 YeYaDpW o) (Wrysvey \Ilu)
1 o o .
+5e (8157 — 8181") (EMan Dy Wy ) (W79 W],)
1 o o .
=+ (STSY — 8181 (€' DY ) (W 1)
1 o o . _ .
+¢"77 (81 8] — 8151) (€M Dl ) (T W)
1 o o ) _ )
+1e7(S1°S] — 8181 (€M D) (W™ U
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1, _—— g e - .
=3¢ (STSY = SYST) (e D) (U0 0)

1 .

—e 7 (STSY = SYST) (€ mn D) (W™ )
(2a) eme7 (ST — SY81°) (€W (Whr. D, Wh) = +5e07 (ST — 1 1) (€D, Wh) (U5, 05)
R (SIS] - SIS (€. D) (W) + 5 (STESE  SY ST (E Dy, (V™ 03)
=37 (ST = SIS (E D) (U™ W) — e 77 (S35 = SST) (€ pmn D) (W™ 02

Fierz 2b
_ _ 1, _ 1, _
(x1x2)(Xaxa) = —Z(X3X2)(X1X4) - i(xw*m)(xw*m)
1 1
——(X37aX2) (X17Y"X4) + —(X37+Yax2) (X177 " X4)
4 4
1, _
+§(X3'VabX2)(X1'YabX4)

1= xva =D, 0 X3 =¢", ya =0T

e (SS] — SUSIWED,UL) (€, ) = e (STESY — Y1) (€D, W) (W)
_ieww(si’csil - Silsik)(éiV*Dp\I’fr)(\I/k'Y*’Y*‘I’j)
e (S 8] — SIS (€ Dy ) (W)
e (SE8] — SUST) (€7D W) (W W)
+éew°’(sg’fsﬂ S8 ) (€ap DL ) (WEn ™, W) |

= —i—%e“”p"(Si’“S]l Si81F) (' D, W) (T, 1)

e (SThSY — 8181 (D, W) (W5 )
e (S SY — SIS (€ D) (W)
e (SS] — SUST) (€ D) (W)
I (SESY — S8 (E i DV (Whrr ™)

(2b) eP7(SESY — S1S1") (€7, Wh) (WED, W) = + e e7 (SFSY — S1.81") (61D, W) (W), ¥7)
+ %EMV'DJ(S?CSJI Szlsjk)(e V*D \I’l )(\I/k\lfj ) E;uzpa(szksﬂ Silsjk)(e',ymD \I/l )(‘Ifky*’ym\l'j )
A (S5 SIS (€7 Dy W) (B ™) 7 (S S (€ Dy L) (B0

(2a) - (2b) €477 (SS9 — SiLS)*) (7 W),) (¥hn. D, Wl )—ewm(szksﬂ S{87") (& W],) (LD, U =
L (S SIS DL (W ™) et (SIS e D V) (950

= (2) 07 (SFSY — 81 S{") (€19 Dy, ) (Whryy™ W5 ) — 0 (S 8] — S{ S1°) (€77 D, ) (Why ™ W) =
2e07 (S8 — S1S1) (€ Wh) (Ui DpWh) — 2e07 (S{ESY — Y 81") (€1, (TED, W),
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Proof of (39)
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1

a

i(k2)?VA T —
susins —» "0V [Qrt e ST €, ) (V)

(5\1/SgA . _Z(;}i) \/7/dx4€,uyposéjsllcl(s—z,y*\ljj)(\Ijk,yp‘lll)

a

2

2
3Z(k‘2
81<:1

2
. zk f/ /uxpO'SZ]Sk’l<€ ’Y*‘Iﬂ )(\I/k’yp\lll)
1

2
i (Qk f/ 177 57 S5 (&' L,) (T Wg) —
1

2
- (2k f/dx4 uupaswskl<€ \I’k)(\I’J’y*’yp\I/l)
1

37,(k2

2
1 ik 3 f/ 1P S S (&M ym ) (Thy™ Wl )
1

2 . .
T 23 \F/d 177 G 851 (& m W) (W™, V)
1

2
IR o 5 S8 ) (W)

(Qk f/ E/ﬂ/pa'sljskl(e ’Y*Vy‘l’l )(\I’] ‘ljk)
1

(Qk f/d$4 uupaswskl(s ’Y*\I/k)(_,j;’}/pq/fy)
1

2 .. . . _
+7\F / dat P S SE (€ W) (Why™ L)

8k1

2
. 2k \/>/d 4 uupa’SUSkl(e ’Y*\Ilj)(\llk’}/p\:[’l)
1

2
i (% f/ dw* 77 SY S (€1, W,) (T 05 —
1

2\/>
- % / 00 11 GH (10K (U], 01 ) +
1

Sl(k'g
4k1

Qf

. 2k1 /d 4 ,uupasljskl(e 'Y* )(\Ifk’ypll’l)
2 .

+ (% ‘F / deP? S SEL (&0, W) (W, k) —
1
2\f

o kl /d 4 uupoSZJSkl(—z‘I,k)( %’Yp‘l’f,)

2
3Z(k2)2\ﬁ vpor qif @l =i il ok
3 a1t 7 8 ST (M, UL) (W), Uk —

4
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\F / tereo S SH (&0, L) (B, k) —

ko )2V A g A —

e SR [t s s (@0, (9

2k \/>/ EMVpUSUSkl(E ’}/*\I/k)(\llj ,Yp,lll )
1

3i(k2)?
lguf \F/ datelP7 S S1 (&', W, ) (W) )
1

k ilka)*vA / 07 SIS} (€17, 0L (0%
1

2
)2 .
1V3

Sz(kg)zxf A po Gid GHL (i NG
4]{;1[ etrr 52351 (5 V*quju)(qj]pq}a)

2
+ ( k \/7/ e;wpoSZ]Skl(E ’Ym\l’l)(\I’J’Y*’Y ’}/p‘llk)
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2
PR PR v 5S4 (3, 5.
1

2
@ + <2k f/dx4 uupaSZjSk:l<€ ,YM\IIZ )(\I/]")/*\I/k) (2k \/>/d$4 uupaszjskl(e ’Y*’Y“\IJI)(\I/J\IIIC)
1 1

2
- f/d a7 §Y SEHEWE) (U], Uh) +
le
~ 3i(ke)
4k1

2\f
B 2k: / a7 5 S (£ 08) (B, 0 ) — 122
1

2
2k f/ da 707 S Sy (€1, W) (W7, V)
1

31 k:g
4k1v/3

2
NG f/ dae? S S (€M, W) (W), W)
1

2 2
\F/ e S 54 (e, 04 (B ) - PV % [aateme sy stiein, w ) (#uh)

2

2
+ (4k \/>/ euupaswskl(g ’Y/f)/m\:[j )(\I,],Y* m\Ill)
l

2
" (4I<: f/d 17 S ST (€M m W) (W™ W5,
1

2
; + k \/>/d:134 uupaswskl(g ’YM )(\I/J"}/*\I’k) (
1

) k \/>/d:r4 ;pr'SZ]Skl(E ’Y*’YM\III)(\I/]\I/k)
1

2

2 2 )
s f/ e S S ) (W) + o e 0= [ daterre sy sy e ub) (v
1 1

5 2
k 2 _ . k 2 I
SRSUN [ gyt ittty - P02V i 5 [aatem sy stiein, ) (wuk)
2 2
- (Qk \F/d ter 85 ST () (W W) — 2k \F/d 17 85 ST ) (B, W)
1 1

2
+ (2k: f/ err S ST (e, L) (W Uh) + (Qk; f/ L7 S ST (€. L) (T 0E)
1 1

c d
2 2
T \F/ et SIS (e, ) (W) 412V / ter7 SIS (&, W) (D0
2k1 2k:1
a b
2 . . 2 .
_ \/>/d 4 uupa’szksﬂ( Z\I’L)(\I’k’}’* p\I’l) \/>/ 4 ,quUS S]l(é_ ’Y*\I’i)(\ﬂk')’pqﬂ)
2k1 2k1
c d
k) - k2) -
+37/( 2 \/>/‘ 4 ,U,llpO'SZlS]k(s PYIL\I/])<\IJIPC’}/*\I/E’_) 31( 2 \/> /d 4 uypgszlsjk‘(e P)/*’Y“\I]])(\I/Ipqufj>
4]€1 4kl
a b
2
_ f/d 4 ;U/paszksjl<€ \I/])( 7*7/)\1/57) ( \/>/ 4 ,uupaszksjl(e ’Y*\I/])(\I/k’)/p\pl)
2k1 2k1V/3
c d

2 2
- % SN [t Sy e (Wi )~ SN [t S e i) )
1 1

2

2
_ 2k f/d 4;L1/pa S SJZ—I—S]lS )( )(\Ifk’}/*’)/p\l}l)
1

( 2f uvpo ( qik il Jl =i J k l
+——— 23 tervro(gikgl — 818k (& 'y*\IlM)(\II Yo ¥q)
1
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( 2\F 4 _uvpo il @ik ik qil j k l
SiTaw: ol K (28785 — §7F S (&1, W ) (hr, 0l
1

4
2 . g .
- _Z(4k f/ da'eP?(Sy'Sy — S1"8y — S183" + 5185 (€' (W77, Vo)
1

( Qf 4 eHvpo il @ik Jjk i YAYR LA
Tt kl d ( S S S S )(6 ’Y*PYH\III/)(\IJp\IIU)a

2f . . o . ) S
4l<:1 / do' 7 (5153 — S1°Sy + 5183 — S1'S) (€M) (T, ¥,

o 8k1v/3 f/ da'e 77 (25185 — 281 83" — 51 S + 51F5F) (', ) (Whr. W)
1

2 A . G -

- (8k VA / dr'err (281 8Y — 281 85" + 5115 — §1"SY) (7, ) (TR L) |
1V3

The step (a) uses the spinor-ansatz reordering e~ Sij S’gl(éi'ym\llﬂ)(\llk'yw 7,¥L) =

7 S 8! (€1, 0 ) (Bl UE) + 97 81 S (1., 0L (BHUE) + 490 S (e R ARATS

— e“”p"S’fSkl(s V*Wk)(\lljyfyp‘lll ).

The step (b) uses the spinor-ansatz reorderlng e’“””’S” S (e ym VY, )(\I’ ALY =

— 2007 S S (£, L) (B, ) — 2090 S SU (5., W) (W),

The step (c) uses the spinor-ansatz reordering e?? S5 Skl(& V*Wﬂ)(wkvp‘lfl ) =

— 5678y S W) (Tl sy ™, UE) — 577 S5 ST (€ W} (Tly ™, UF).

The step (d) uses the spinor-ansatz reordering e“”pUS;j Slfl(éi'ym\IIL)(\Ilf;'y*'ym’yp\Ifﬁ)

e S S (€79, (B, WE) = 2609 S SK(E0%) (W, W) 20147 S S41 (€15, 05) (W, 01 )

b €00 S SH (1 W) (Byor ™ UL) + 07 SY S (15,7, UE) (L),

The step (e) uses the spinor-ansatz reordering €lvpo 8 S (&l UK (W, y ™ L )
+eP7 S S (€0, m UE) (Thy ML) = +2¢107 S Skl(s VL) (T, U ) 26107 S S (&0, W) (T)WE).

The step (f) uses the spinor-ansatz flips €/?7 (W~ v, Ul ) = —etpo (WL, 4 Uk) | etvro (Uhny W) =
H07 (B UK | o (B, L) = — 7 (T, WK and e (TEWL) = —envoo (L 0k,

Fierz 1la
_ _ 1, N 1, _
(X1x2)(X3x4) = —Z(X3X2)(X1X4) — 1(X37*X2)(X1’Y*X4)
1 _ 1 _
_Z(XS'YaXQ)(Xl’YaX@ + Z(X37*’Yax2)(X1’Y*'7aX4)

1, _ _
+3 (X3Yabx2) (x17"x4)

X1 =Ty, xo = 2,0 v =€, xu = Y Pl

1 g .
M7 ST SE WA W) (€ m W) = — €77 ST S5 (€1, W5 ) (U577 1 W)

1 o i , _ ,
=778 S5 (€ o) (5 3y ™ e W)

1 o i g _ ,
— €778 851 (€76 ) (T3 4 W)
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1
€7 81 85 (€777 Vo) (W77 7 “m U,
1 .. . —
+§6“”p(’5§]5’2€l(él%wp‘l’f;)(‘l’k P Y,)
= -+ SY S5 (&', W) (Uhr. 7))

—77 57 S5 (€7 1) (T W)

1
— e 8 S (€ W) (W™ W)

1 i P _ A
— 58T 85 (€ e ym W) (T8

s

_‘_E,uyposijskl(éi,yﬂ\pl )(\Ifk’y*\l/] )
—e"*7 S S (&0, UL) (W)

1
57 ST S (L) (8™ W)

1
— 57 87 S5 (" pm L) (B V)

(La) %7 SY S5 (£ W)) (Ufuy ™, Wh) = e#7 Sy S§! (', W, ><\1ﬂm\1ﬂ> er7 S S5 (€77, V) (L)
+ 5677 Sy S5 (Em UL) (Uhy ™ WE) — 507 SY S5 (€ L) (U™ UF).

Fierz 1b
_ _ _ _ 1, _ _
(X1x2)(X3x4) = —=(X3x2)(X1X4) — Z(XB%X2)(X1%X4)

_ _ 1, _
(X37Yax2)(X17"X4) + Z(xsvwam)(xww“m)

+ = (X3YabXx2) (X170 X4)

|
OO = | = | =

X1 = U™, xa =¥ X3 =&, xa = YY),

0TS S5 (W) (€ m W) = =7 SY S5 (ENG) (Wy ™ V)

1 vpo Q.
€ etvp S’Skl(s ’y*\I/fﬁ)(\I/J’y*’y ’Y*’Ym’Yu‘I/ )

1 g y
—EE’WWS;]S?(EZ’Ya\I/I;)(‘I/]’Y*’Y Y Vmqu/ )

1
€7 8T 85 (€775 (T3 ™ 7y Y1 L)
1 .. . — .
2 €78y 85 (Ean o) (P T 7 V)
= -+ SY SE (& WE) (W) 7.y, W)
—eP7 S 85 (€ W) (W7, W)
1
2 ,ul/po'SwSkl(E ’Ym\I]ﬁ)(\I]]’Y*’Y ")/p\I/l )

— 5 €781 85 (€ ym V) (W™, V)
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(1b) €07 ST S5 (Emy }) (Uyun ™ Wh) = €77 Sy S5 (€1 W}) (Wl Wy ) — et 07 ST S (€17, W) (T, U1
— 577 81 SE(Em ) (B 1™y, Uh) — 577 SY S5 (EMyuym W) (™, 0),)

Fierz 1c

1 1

(xix2)(xsxa) = ——(Xsx2)(Xaxa) — Z(X3%X2)(>_<1%X4)

—

_ _ 1 _
(X37Yax2) (X17"X4) + 1()(3%%)(2)()(1%7(1)(4)

|
00| = W~ |

+= (X3Vabx2) (X177 X4)
X1 =W e =UE %3 =&, xu = 1 P
vpo qid qkl ek L wpo qid qhl =ik I
7Sy S5 (W™ Wg) (E e m i ¥y) = — €778 85! (€ 05) (U5 ¥y Y P))

=€ ST 85 (€. U0) (W)Y s Ym )

1
— €787 85 (€Y ) (T Y et L)

1
+46“”p‘75”5“(€ Y UE) (B YV Y Y P)
1 g .
+§€Wp05”5kl(€“yab\lfk)(\I’Wm’y“b’mmw‘l’ )
- e“””"S“Skl(s \Ilk)(\IIJ 'y*'yp\Ill )
+eP7 S SE (e, Wk ) (B, )
1
—3 07 S SE (& W) (Uhyny ™, W)
1
—3 eP7 S SE (€ m W R ) (W7, 0L
1 . Py -
+§6"”p"5’1‘75'2“(s“yabllfﬁ)(\l’] Ay Yy ) 5
(1c) 6“””"5? SENE Yy, TL) (Thy™ TR ) = —6“””"5? SE (TR ) (Bl U ) €077 ST S (€0, TR ) (B, W)
— Lemro S SKU (&l UR) (B, ™y, BL) — SeP7 ST SN (El iy UK ) (T, WL )

(1) = €77 Sy S5 (€7 W), ) (Fpsy ™ Wh) — €07 S SEH(Ey a7, W) (W™ W) =
2607 S S5 (€m Wh) (Vs ™ WG ) 2677 S SF (€7, 1) (W Wy )+2e07 ST S5 (€7, W) (U 05).

(Ib)-(1c) 77 S SE (&1 W} (Whryuy™ W) — 07 Sy SE! (i 0, (W™ W) =
+ 26107 SY SEUENWE) (W) 7,7, L) — 26107 SY SEY (€1, Wh) (W], 0,

= (1) 07 Sy S5 (' Wh) (W™, W,) = —e77 SY S5 (€, W) (T Uh) B
+ 07 Sy S (€ W) (W 0h) + 77 SY SE (W) (Bhyuy, W) — 07 ST S5 (€47, W) (T, W)

Fierz 2a

(X0e)(Rsxs) = —(Bxa)(Xow) — 3 (Trxe) ()
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1

_ _ 1 _
—Z(XS%LXz)(XWQM) + Z(X3vwa><z)(xww“><4)
1

+§(>23VabX2)(>_<17abX4)

212@]27*7”7XQ=‘1’27>Z3=5%7X4:%‘1’]V

N . A 1
7 Sy SY e WL ) (€ W) =

— €7 8y ST (€0 (T ym W)

1 iy .
=77 83 8T (€ Vo) (W7 ™ v W)

1
— 57 84 ST (€ V) (U™ 3 W)

1
+46“”p‘75’]5kl(6 ’Yu”Y*’Ya‘I’ )(\I’k%’}’ YY)

1 .. . —
+ge 7 S S W) (i)

= +e07 S S (el U ) (Uhr, 1)
+eP7 5y ST (€ B, (T 1)

1
2‘5Wp(f5ﬂ]5kl(s Yy W) (U sy ™ W)

+5 E#VPUS”SM(E ’Y*’V,u')/mqj )(\I’ m\l'g)v

(20) 0 = 07 SY S (g5, L) (W, WE) + 47 S5 S} (€17, W) (W5 W)
— e S S (€l L) (W™ 05) 4§97 S5 K (1, W) (Uhy ™ W),

Fierz 2b
_ _ 1 _ 1, _
(X1x2)(X3Xx4) = —1(X3X2)(X1X4) - i(xwm)(xw*m)
1 B 1, _
_Z<X3’YaX2)<X1’YaX4) + Z(xwwaxﬂ(xwwaxﬂ
1, _
+§(X3’YabX2)(X1’YabX4)

X1 = ‘I’ISVm’ X2 = \ijrv X3 = éi7*7M> X4 = fym\Ij{/
1

euupaséjslld(@IZqujé)(a’Y*'Yu'quji) = _Zeuypasgjslfl(éi'Y*’Yu\I/fT)(\Pk’Y ’Ym\Ilrj/)
1
— €77 85 81 (€ ) (W™ 3y )
1

=785 ST (€ a o) (U™ Yy W)

1 : |
+ €77 85 81 (E 1 o) (W ey Y W)
1

+§6W’msg S]fl (éiV*VuVab‘yé)Ma
= +€"7 Sy SE (M, UL) (Uh W)
+eP7 S S (&0, UL) (T, BY)
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1 - ) _ X
— 578y ST (E gy W) (W™ W)
1
- 26“”0"5” S (E Y ym UL ) (Bhyy™ W)

(20) €9 S S (€137 V) (W™ W) = -+ S SE! (€12, 0L (DL W)+ S S (9, W) (W5 03)
+ 3o S S € W) (Wy™ ) — e S S (7 W) (™ 05)

(20)+(2b) = (2) 7 S SH (1,77 W) (Why MWL) = —26v07 S K1 (17, ) (W, W)
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E Miscellaneous

E.1 Calculation of D}, D,)¥} and Dj,D,v,

Let’s first calculate D[uDU]\lli,
Dy, D,V = D,D,¥| — D,D,V!,

1 1
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4 4
») | | 1
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1 1 1
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1 1 b 1 ¢ 1
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1 1
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1 1
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O
~

1 1
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4 16 16
Y iauwuaw“bx - iayw,mw“bx + iwubawucdn“vbd - %wybawudcnadvbcx
© %me"’ymn\llz.
The steps (a) and (b) use the definition (13).
The step (c) uses the relation 7%y — ycdyab — _gpacybd 4 opbe~ad 4 gpadybe  opbdac

The step (d) uses the property wyep = —Wypa-
The step (e) uses the definition (24).

Let’s than calculate Dy, D,)7,:

Dy Dyyyp = DpDy)(epr),

Dy Dyyes v

= [DuDye, — DyDyej] v
@ |

Du(&,e; + Wurkek) — Dy (9, 6T + wurkek)} Yrs

= [0u(Ove, +wy" e )‘H"u 1(0y e + wy lek)
=0y (Ope), +wy" kek) —w," (¢! +Wu €, N,

= MG—I- ﬁuwyrkelg ~I—M —1—%61,/6? + wyrlwurlel;
—Ma— 8,,w”rkel; —MC—WI)— wurlwurleﬁ) Trs

B R Ym enp -

The steps (a) and (b) use the definition (12).

The step (c) uses the definition (24).

E.2 Calculation of [D,, D,]é’

[Du,f)y]si = ﬁuf)ysi — D&,
@ Du(Dye’ + ;{/KEM%’% 7) = Dy(Dye’ + Q\%Mi]wsj),
Y Du(Dye’ + Q\QK:;M{” vel) + ;{/KgMi"“w(Due’“ + ;{ng”%e])
_DV(DMEi + %Mij'yuej) - 2\\/; {kV (Due + Q\@M{“’wsj)

A . .
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The steps (a) and (b) use the definition (49).

(
The step(c)

Wi, = 0.

takes into account D,vy, = D,(e}v,) = Dye} ..
The step (d) takes into account (Mj)? = £I from (37) and Dyye;; = 0 obtained from (31) when

The step (e) takes into account the first result obtained in Appendix E.1 and the relation v, =
%'Yp%/ - %71/7#-

E.3 Lorentz transformation of the spin connection w,™"

From (12), let’s calculate 61,(D, V™) that must transform by (8) as a vector, that is d7,(D,V™)

—A".D, V¥
Sp(DV™) = 600, V™ +w, ™ VF),

= 8H5LVm + 5qumkvk + wumdeV"” ,
= alL(—Amka) + 6Lw#mkvk + w“mk(—)\klvl) R
= AN VE = XN, VE 4 bpw, ™ VE = AR W,V
= A0V w0 F VY AT w V= 9N VR 4 Spw, ™ VR — AR W,V
= —)\mkD’uV]C + (5qumk — 0 A"y vk~ /\lk wu" A wulk)Vk ,

which means with w,™" = —w,"™ and Ay, = — Ay, that

Spwy ™ = A = X w4 A ™

Let’s prove that this result is compatible with (13) that must transform by (9) as a spinor, that is
5.(Dpx) = =127 Dyux
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1
6L (auX + 7wuab7abX) )

4
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1
_7Acdw abfyab’YCdX7
16 K
Lo Ly ab. Lk ab 1 cd_ab
=AY O0uX — = Aa” WukbYX = Ab Waka VX = T Aed WuabY Y X
4 4 4 16
1 1
+Z)\cd wuabnaCWbdX - Z)\cd Wuabnad'ybcx )
1 b Lk @1 g b1 b d
— P Oux Em + ZW = 16 a7 Wnea V"X
a b

1 1
+ b Y — et Y
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1 1
= _Z)\ab'yab(aux + Zwucd'YCdX)

1
= *ZAaw“bDux,
ab . cd cd A,ab

The step (a) uses the relation vy = ycdyab _ gpacabd 4 gpberad | opadabe  gpbdac

The step (b) uses the properties w,™" = —w,"™ and Mgy = —Apq-
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